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Abstract 

We present two new proofs of the monotonicity of the correction term On in Ramanujan's 
refinement of Stirling's formula. 

1 Introduction 

Stirling's approximation n\ ~ ^J^ixn {n/e)^ is one of the most important results in mathematics. 
The Indian mathematician Srinivasa Ramanujan [3] proposed the following refinement, 



(1) 



where ^ < 0„ < 1 and 0„ — ^ 1 if n — > oo. In 2001, Karatsuba [2] proved Ramanujan's 
approximation and gave a very complicated proof of the monotonicity of the correction term, 
for all real n > 1. In 2006, Hirschhorn [Ij proved a more exact version of Ramanujan's inequalities 
for On, but did not even mention the monotonicity of On- In this paper we present two simple proofs 
of the monotonicity of the sequence {9n)n&i- The first proof follows directly from the result due to 
Hirschhorn [1]. The second uses some methods from Hirschhorn's paper; however, instead of using 
his double inequality for On, it only uses a new and simpler lower bound. 

Theorem 1. The sequence {9n)n&i is strictly increasing. 

2 First Proof 

Hirschhorn [1] establishes that On satisfies the inequalities 
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We will now prove that On increases with n. Define 

— 1 - — + — 

8n Sn^ 

Proposition 2. For n > 3 the inequality f3n < otn+i is valid. 
Proof. Note that 

11 11 11 

Pn < an+1 ^ 1 - — + 7-^ < 1 - 77^— TT + 



8n 8n2 " 8(n + 1) 8(n + 1)^ 
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— + ^ < — + 



n n + 1 (n + 1)^ 
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n(n + 1) ' (n + 1)^ 
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< 



n2(n + l) - (n + l)2 
<^ lln + ll<5n2 

< 5n^ - lln- 11; 

and the last inequality is true for n > 3; thus, we obtain the result. □ 

Proof of TheoremUi Note that the last result implies that On < (3n < On+i < ^n+i, and conse- 
quently On < On+i- So it is enough examine independently the cases n = 1 and n = 2; from ([T|) it 
follows easily that 



n! 



6 
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■y/7r(n/e)". 

Hence, evaluating at n = 1, n = 2 and n = 3 directly, we obtain 

Oi = 0,3359... 
6*2 = 0,5117... 
6*3 = 0,6305 . . . 

Therefore, we can conclude that Oi < 02 < O3, and finally prove the theorem. □ 



3 Second Proof 

The following well-known inequalities will be used in the proof. 

mX^^ tJO^ tjC^ 



ln(l + x)<2; \ \ , (2) 

v-r;_ 2 34 5' ^ ^ 

2 7 

ln(l+x) <x-y + + (3) 

9 7 S 

ln{l + x)>x - — + ... + — -—, (4) 

2 3 4 

e-^ > 1 + x + y + y + — . (5) 
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The logarithmic inequahties are vahd for — 1 < x < 1 while the exponential inequality is valid for 
all real x. 

Let an := — We first complete the proof of following inequality proposed by Hirschhorn 

^Jn (n/e)" 

inp. 

Proposition 3. Utilizing the previous notation, for all n gN the following inequality holds: 



an+ij 12 \n n + lj 360 {n + 1)^ J ' 

Proof. First note that ln(o„/a„+i) = (n + i) ln(l + — 1. Taking u := ^, it follows that the above 
inequality is equivalent to 

, 360u + 1080^2 + 11 10u3 + 420u^ + 27n5-3n6-u^ 

ml + M > — ^ , 

^ ^ 180(1 +u)'^(2 + n) 

or to 

180(1 + uf{2 + u) ln(l + u)> 360n + lOSOu^ + lllOu^ + 420^"^ + 27u^ - 3u^ - vJ . 

Using dH) and Mathematica® we obtain that 

180(1 + uf{2 + u) ln(l + u) - {360u + 1080n2 + lllOu^ + 420n^ + 27u^ - 3u^ - n^) 
lOn'^ 561m9 1455m1° 1215u^'^ 45u^2 
- ~ 14 14 14 2~ 

= —(20 - 561n2 - 1455n^ - 1215n^ - 315u^). 
14 

The last term in parentheses is decreasing with respect to u, and direct computation for u = j 
shows that its value is about 3.78. Therefore, the original inequality is true for n > 7. The cases 
n = 1 through n = 6 follow by direct computation and this concludes the proof. □ 



From (l6|) and the fact that Coo = lim„_!.oo = V 27r, we deduce the following corollary. 
Corollary 4. If n is a positive integer, then the following inequalities hold: 

an > «ooexp(^ - ^) = V2^exp(^ - ^) ; 

and 

«n>87r3expf^--^Y (7) 



2n 60n^ J 

Using this result, we now prove the following proposition. 

Proposition 5. If n is a positive integer, then the following inequality is valid: 



ni 



8n^-4n'^-n> ^. (8) 



0r(n/e)" J "30 
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Proof. From ([7|), it is enough to prove that 



8n^exp(- 



60n3 



8n-^ - An^ 
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Let u := ^. Using ([5]) and Mathematica® we obtain 



exp 



u 



60 



u u 

>i + ^ + 
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u 



8 240 1920 
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20n 
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U U 
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1296000 2592000 
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u 



8 240 1920 



u 
480 



4800 14400 



311040000 

,6 



4800' 



since 



u 



u 



> and 



u 



14400 1296000 

Considering the last inequality multiplied by 
so we obtain that 

,3- 



> for n < 1. 



57600 2592000 

s , .8411. 

o/w^, the expression — 1 is canceled, 

u-^ u 30 



■ exp 



w 
60 



1 u ^ u 
30 20 - 240 



u 
60 



u 

600 



1200 



(5 - 20u - 2u2 



The last term in brackets is decreasing with respect to u, and by a direct computation we see that 
its value for u = ^ is about 0.92. Hence the original inequality is true for n > 5. The cases n = 1 
through 71 = 4 follow by direct computation, thus we conclude the proof. □ 

Note that previous result establishes that 



> 1 



3 

2n 



which is a weaker bound than that obtained by Hirschhorn [T]. Nevertheless it, alone, suffices to 
fully prove the monotonicity of and this is the novelty in our second proof. Before presenting the 
main result, we introduce an inequality based on a powers series calculated using Mathematica® . 



Proposition 6. If n is a positive integer, n > 1, then the following inequality holds: 
e{n - l)"-i ,. 1 7 3 743 215 



l)"-i 1 

— > IH \ 

^'^-i - 2n 24n2 



+ 



+ 



n""^ 'in 2m^ 16n^ ' 5760n'^ 

Proof. Let u := ^. First note that the inequality is equivalent to 

1 



+ 



2304^5 ' 



(9) 



1 + 



ln(l 



u 7u 

u) > In 1 H \ 

' - ' 2 24 



2 743m^ 215u^ 



16 



5760 



2304 



or the following inequality: 
1 



1 > 



u 



In 1 + 



u 



11-, ^ 

+ InlH \ 

2 24 



2 3u^ 743u^ 215^^ 

+ — + ^77777^ + 



16 



5760 2304 



4 



The inequahties ([3]) and ([2]) for the first and second term respectively show, using Mathematical ^ 

u^Piu) 

that the right hand side is an expression of the form — where P is a polynomial whose 

iv (1 — 

constant term is positive. Let Q be the polynomial that consists of the constant term of P and all 
the terms of P with negative coefficients. It is clear that P{u) > Q{u) and that Q is a decreasing 
polynomial on the real positive numbers. From direct computation we obtain Q{\) = 0.00036. 
This implies that the original inequality holds at least for n > 8. The cases n = 1 through n = 7 
follow by direct computation, and this completes the proof. □ 

The previous result allows us to give another proof of Theorem [TJ 

Second proof of TheoremlJl The difference 

"» - = ^» ( (^?^) " - ( v^((.l"-"l)'l)-0 ' - («(^"' - 3n + 1) + 4(2„ - 1) + 1)) 

The inequalities ([8j) and ([9]) show, using Mathematica® , that the right hand side is an expression 
P(n) 

of the form ^^r- -, where P is a polynomial whose leading coefficient is positive. Let Q be 

Kn'^^{n — 1) 

the polynomial that consists of the leading coefficient of P and all the terms of P with negative 
coefficients. Then Q{n) = n?^R{-) where -R is a polynomial increasing with respect to n, and whose 
constant term is positive. In addition, a direct computation shows that R{j^)/K = 0.00023, and so 
the result is valid for n > 106. The remaining cases follow by direct computation, thus completing 
the proof of our assertion. □ 
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